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Polynomial evaluation
Given a degree (n-1) polynomial 

Pn(x) = a0 + a1 x + a2 x
2 + a3 x

3 + a4 x
4 + … + an-1 x

n-1      

… and a number y, compute P(y)

… and a list of numbers y1, y2, … yk, compute P(y1), P(y2), … P(yk)



Divide-&-Conquer for single evaluation
Pn(x) = a0 + a1 x + a2 x

2 + a3 x
3 + a4 x

4 + … + an-1 x
n-1         

Eval(P(), x, n) : input a degree-(n-1) polynomial P() and a number x. Computes P(x)

Recursive algorithm for Eval()? Complexity of approach ?



Divide-&-Conquer for single evaluation
Pn(x) =  a0 + a1 x + a2 x

2 + a3 x
3 + a4 x

4 + … + an-1 x
n-1        

Eval(P(), x, n) : input a degree-(n-1) polynomial P() and a number x. Computes P(x)

Recursive algorithm for Eval()? Complexity of approach ?

Odd(x) = a1 + a3 x + a5 x
2 + … + an-2 x

(n-2)/2

Even(x) = a0 + a2 x + a4 x
2 + … + an-1 x

(n-1)/2

Use Eval to evaluate Odd(y2) and Even(y2):
Pn(y) = Even(y2) + y*Odd(y2)



Divide-&-Conquer for single evaluation
Pn(x) = a0 + a1 x + a2 x

2 + a3 x
3 + a4 x

4 + … + an-1 x
n-1         

Eval(P(), x, n) : input a degree-(n-1) polynomial P() and a number x. Computes P(x)

Recursive algorithm for Eval()? Complexity of approach ?

Low(x) = a0 + a1x + … + an/2-1 x
n/2-1

High(x) = an/2 + a1+n/2 x + … + an-1x
n/2-1

Single(x) = xn/2

Use Eval to evaluate Low(y) & High(y) &  
Single(y).
Pn(y) = Low(y) + Single(y)*High(y)



Discrete Fourier Transform
Input: coefficients of a degree-15 polynomial A16(x) : [a0  a1  …  a15]

DFT of A of order k : DFT8(A16) = [A16(1)  A16(w)  A16(w2)  …  A16(w7) ]
where, w : 8-th root of unity

DFT of A : DFT of order deg(A)+1

Q: How to obtain DFT8(A16) from A16 ?

DFT is a fingerprint of polynomial A(x)

Q: How to obtain A16 from DFT8(A16) ?



Eval. DFT8(A16) = < A16(w8
0) , A16(w8

1) , A16(w8
2) , … , A16(w8

7) >
A(1) Odd(1) Even(1) 1*O(1) + E(1)

A(w) Odd(w2) Even(w2) w8*O(w8
2) + E(w8

2)

A(w2) Odd(w4) Even(w4) w8
2*O(w8

4) + E(w8
4)

A(w3) Odd(w6) Even(w6) w8
3*O(w8

6) + E(w8
6)

 

… … … … 

A(w7) … … … 

DFT8(A) DFT4(???) DFT4(???)

Q: Express DFT8(A16) in terms 
of DFT4(???) problems.

Overall problem size is halved !

An(y) = Evenn/2(y2) + y*Oddn/2(y2)

w8
8+k = wk      w8

2k = w4
k



Eval. DFT8(A16) = < A16(w8
0) , A16(w8

1) , A16(w8
2) , … , A16(w8

7) >
A(1) Odd(1) Even(1) 1*O(1) + E(1)

A(w) Odd(w2) Even(w2) w8*O(w8
2) + E(w8

2)

A(w2) Odd(w4) Even(w4) w8
2*O(w8

4) + E(w8
4)

A(w3) Odd(w6) Even(w6) w8
3*O(w8

6) + E(w8
6)

 

… … … … 

A(w7) … … … 

DFT8(A) DFT4(???) DFT4(???)

Complexity analysis:

An(y) = Evenn/2(y2) + y*Oddn/2(y2)

w8
8+k = wk      w8

2k = w4
k



FFT algorithm for DFT
Complexity ?



Linear Algebraic form of Discrete Fourier Transform
DFT: Map [x0 … xN-1] to [X0 … XN-1]

wikipedia.com

DFT (4 + 5x - x2) = ?

DFT -1 ([2, -2-2i, -2i, 4+4i]) = ?



Inverse DFT ?
● Is DFT invertible ?
● If yes, how to invert ?

● Vn Vn
-1 = ?

● Take row j (j=0,1, … )
wn

-jk = ?

?


